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Introduction

Einstein’s path to general relativity (GR) meandered steeply,
encountered confusing forks, and also included a big U-
turn. In this brief account | discuss in some detail Einstein's
remarkable progress beginning in August 1912, after his
second return to Ziirich, until Spring 1913. Before we come
to this, some indications of what he had already achieved
until this period are necessary.

In 1907, while writing a review article on special relativity
(SR), Einstein speculated — attempting to understand the
empirical equality of inertial and gravitational mass — on the
possibility of extending the principle of relativity to acceler-
ated motion, and added an important section on gravitation
in his review [2] '. With this "basic idea", which he referred
to as principle of equivalence, he went beyond the frame-
work of SR. His (special formulation) of the equivalence
principle — "the most fortunate thought of my life" — became
the guiding thread in his search for a relativistic theory of
gravitation. Until 1911 Einstein worked apparently mainly
on the quantum puzzles and did not publish anything about
gravitation, but continued to think about the problem. In
[3] he writes: "Between 1909-1912 while | had to teach
theoretical physics at the Zirich and Prague Universities |
pondered ceaselessly on the problem". When Einstein re-
alized in 1911 that gravitational light deflection should be
experimentally observable [4], he took up the problem of
gravitation again and began to "work like a horse" in de-
veloping a coherent theory of the static gravitational fields.
Since he had found that the velocity of light depends on the
gravitational potential, he concluded that the speed of light
plays the role of the gravitational potential, and proposed a
non-linear field equation, in which the gravitational energy
density itself acts as a source of the gravitational potential.
Therefore, the field equation implied that the principle of
equivalence is valid only for infinitely small spatial regions.
In the second of his Prague papers on "gravito-statics" [5]
he also showed how the equations of electrodynamics and
thermodynamics are modified in the presence of a static
gravitational field. At this point he began to investigate the
dynamical gravitational field.

Einstein gains Marcel Grossmann as a collaborator

When Einstein arrived in Zurich in early August, he was
convinced that a metric field of spacetime, generalizing
the Minkowski metric to a pseudo-Riemannian dynamical
metric, was the right relativistic generalization of Newton’s
potential. The main question was to find the basic equa-
tion for this field. But how to achieve this was in the dark
and he looked for mathematical help. Fortunately, Marcel
Grossmann, his old friend since his student time, was now
also professor at the ETH and Einstein succeeded in gain-

1 References to papers that have appeared in the Collected Papers of
Albert Einstein (CPAE) [1] are always cited by volume and document of
CPAE.
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ing him as a collaborator in his search for the gravitational

field equation. In a 1955 reminiscence, shortly before his

death, Einstein wrote [3]:
| was made aware of these [works by Ricci and Levi-Civ-
ita] by my friend Grossmann in Zirich, when | put the
problem to investigate generally covariant tensors, whose
components depend only on the derivatives of the coef-
ficients of the quadratic fundamental invariant.
He at once caught fire, although as a mathematician he
had a somewhat sceptical stance towards physics. {...)
He went through the literature and soon discovered that
the indicated mathematical problem had already been
solved, in particular by Riemann, Ricci and Levi-Civita.
This entire development was connected to the Gaussian
theory of curved surfaces, in which for the first time sys-
tematic use was made of generalized coordinates.

Louis Kollros, another student friend of Einstein, who was
also mathematics professor at the ETH during this time, re-
membered also in 1955 [6]:
[Einstein] spoke to Grossmann about his troubles and
said one day: "Grossmann, you must help me, otherwise
I'll go crazy !'".

The fruitful collaboration of
Einstein and Grossmann
led to the famous joint ar-
ticle with the modest title
"Outline of a Generalized
Theory of Relativity and a
Theory of Gravitation" [7],
one of the most impor-
tant physics papers in the
twentieth century. A lot of
additional insight can be
gained from Einstein’s de-
tailed 'Zurich Notebook'
[8]. It is really fascinating
to study these research
notes, because one can see Einstein at work, and theoreti-
cal physics at its best: A delicate interplay between physi-
cal reasoning, based on an intuitive estimate of the most
relevant empirical facts, and — equally important — math-
ematical structural aspects and requirements. We shall see
that already late in 1912 Einstein came very close to his
final theory, but physical and conceptual arguments, that
will be discussed later, convinced him for a long time that -
with "heavy heart" — he had to abandon the general covari-
ance of the gravitational field equation. In a letter to Lorentz
[9] he called this the "ugly dark spot" of the theory. With
this decision, based on erroneous judgement, Einstein lost
almost three years until physics and mathematics came
into harmony in his beautiful general theory of relativity.
The Einstein-Grossmann theory, published almost exactly
hundred years ago, contains, however, virtually all essential
elements of Einstein’s definite gravitation theory.

Figure 1: Marcel Grossmann.



Figure 2: Cover sheet of the Einstein-Grossmann "Entwurf" paper.

Requirements to be satisfied by the future theory

The following mixture of physical and mathematical prop-
erties of a relativistic theory of gravitation are among Ein-
stein’s main guiding principles:

e The theory reduces to the Newtonian limit for weak
fields and slowly moving matter.

Conservation laws for energy and momentum must

hold.

e The equivalence principle must be embodied.

* The theory respects a generalized principle of relativity
to accelerating frames, taking into account that gravi-
tation and inertia are described by one and the same
metric field 9, Einstein expressed this by the require-
ment of general covariance of the basic equations (to
become a much debated subject).

Non-gravitational laws in external gravitational fields

The easier part of the new theory was to describe the cou-
pling of external gravitational fields to matter and electro-
magnetic fields. In one of the Prague papers Einstein had
derived the equation of motion for a point particle in a static
field from a variational principle, which is now generalized
in an natural manner to

5fds =0, ds®=g.dx“dx". (1)
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The corresponding Euler-Lagrange equation is the geo-
desic equation of motion for a point particle. Considering
an incoherent dust distribution as an ensemble of particles,
Einstein guesses that the energy-momentum conservation
law of special relativity, o T** = f* , with the energy-stress
tensor T+ = p utu" ( p,= rest-mass matter density, u* = four-
velocity field) and an external force density f*, should be
replaced by

T =99uT") = 3.9sT" =0 @
(9 = det(g )- The details of Einstein’s considerations are
described in his Part I, Sect. 4 of the "Entwurf" paper by
Einstein and Grossmann [7]. This is just an explicit form of
the equation VT = 0, as stated by Grossmann in his Part |
of [7]. Later in Sect. 6 of [7] Einstein generalizes Maxwell’s
equations in generally covariant form. This part has survived
in GR. The coupling of electromagnetic fields to external
gravitational fields is not yet formalized to the "9 — V" rule,
as a mathematically precise expression of a local version of
the equivalence principle.

In search of the gravitational field equation

Soon, Einstein begins to look for candidate field equations.
The pages before 27 of the Zirich Notebook show that he
was not yet acquainted with the absolute calculus of Ricci
and Levi-Civita. On p. 27, referring to Grossmann, Einstein
writes down the expression for the fully covariant Riemann
curvature tensor R , . . Next, he forms by contraction the
Ricci tensor R The resulting terms involving second
derivatives conS|st beside g** 9. 9,9, , of three additional
terms. Einstein writes below thelr sum: "should vanish"
["sollte verschwinden"]. The reason is that he was looking
for a field equation of the following general form:
KT,

I“lgl= (3)

with

3.(9*959") + terms that vanish in linear
approximation. 4)

r“[gl=

After long complicated calculations, Einstein discovers that
the Ricci tensor is of the desired form, when the coordinates
are assumed to be harmonic. (Readers who are not famil-
iar with this may regard this as a kind of gauge condition,
analogous to the Lorentz condition in electrodynamics.)
This seems to look good, and Einstein begins to analyse
the linear weak field approximation of the field equation 2
Ruw=KTu. )
(Readers, familiar with GR, know that Einstein has to run
into problems, because of the contracted Bianchi identity.)

2 Never before had Einstein used in his work such advanced and complex
mathematics. This is expressed in a letter to Arnold Sommerfeld on 29
October 1912 (CPAE, Vol. 5, Doc. 421): “But one thing is certain: never
before in my life have | toiled any where near as much, and | have gained
enormous respect for mathematics, whose more subtle parts | considered
until now, in my ignorance, as pure luxury. Compared with this problem,
the original theory of relativity is child’s play.”
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The weak field approximation

The linearized harmonic coordinate condition becomes for
hw:=guw — Nw Mw: Minkowski metric)

8.l — 2 n*h) = 0 ©)
(h := h* , indices are now raised and lowered by means of
the Minkowski metric). This is nowadays usually called the
Hilbert condition, but Einstein imposed it already in 1912.
The field equation becomes an inhomogeneous wave
equation:

Dhw =—2KT, (7)
Einstein takes for TIw his earlier expression for dust.
But now he runs into a serious problem:
From a"Tw = 0 in the weak field limit, it follows that
0(@"h ) = 0 hence the harmonic coordinate condition re-
quires 0(3,h) = 0 , and therefore the trace of the the field
equation implies Oh =—-2KT = const., T:= T*, . For dust
this requires that T = -p, = const. This is, of course, unac-
ceptable. One would not even be able to describe a star,
with a smooth distribution of matter localized in a finite re-
gion of space.

Einstein’s modified linearized field equation

Now, something very interesting happens. Einstein avoids
this problem by modifying the field equation (7) to

O = 5 7wh) == 2KT, ®)

Figure 3: A typical page in Einstein's 'Zirich Notebook', CPAE,
Vol. 4, Doc. 10, p.262.
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Then the harmonic coordinate condition (6) is compatible
with 9 T* = 0 . Remarkably, (8) is the linearized equation
of the final theory (in harmonic coordinates). One wonders
why Einstein did not try at this point the analogous substi-
tution Ry — Ruw — +gwR of Ty — Tw— 39w T in the full
non-linear equation (5), which would have led to the final
field equation of GR. One probable reason for this is con-
nected with the Newtonian limit.

The problem with the Newtonian limit

The problem with the Newtonian limit was, it appears, one
of the main reasons why Einstein abandoned the gen-
eral covariance of the field equation. Apparently, (8) did
not reduce to the correct limit. That it leads to the Pois-
son equation for g, (x) is fine, but because of the harmonic
coordinate condition the metric can not be spatially flat.
(The almost Newtonian approximation of (6) and (8) is de-
rived in textbooks on GR; see, e.g., [11], Sect. 4.2.) Ein-
stein found this unacceptable. He was convinced that for
(weak) static gravitational fields the metric must be of the
form (gw) = diag(g,,(x), 1, 1, 1), as he already noted on p. 1
of his research notes. | wonder why he did not remember
his cautious remark in one of his Prague papers [12] on
static gravitational fields, in which — while assuming spatial
flatness — he warned that this may very well turn out to be
wrong, and says that actually it does not hold on a rotating
disk. Since a non-flatness would not affect the geodesic
equation in the Newtonian limit, there is actually, as we
all know, no problem. But Einstein realized this only three
years later 3. Well(!): "If wise men did not err, fools should
despair" (Wolfgang Goethe).

At the time, Einstein arrived at the conviction that there
were other difficulties implied by generally covariant field
equations. One was connnected with energy-momentum
conservation (see [10].)

The 'hole' argument against general covariance

At the time when he finished the paper with Grossmann,
Einstein wrote to Ehrenfest on May 28, 1913: "The convic-
tion to which | have slowly struggled through is that there
are no preferred coordinate systems of any kind. However,
| have only partially succeeded, even formally, in reaching
this standpoint." (CPAE, Vol. 5, Doc. 441.) In a lecture given
to the Annual Meeting of the Swiss Naturforschende Ges-
ellschaft in September 1913, Einstein stated: "It is possi-
ble to demonstrate by a general argument that equations
that completely determine the gravitational field cannot be
generally covariant with respect to arbitrary substitutions."
(CPAE, Vol. 4, Doc. 16.) He repeated this statement shortly
afterwards in his Vienna lecture [13] of September 23, 1913.

The so-called "hole" ("Loch") argument runs as follows
(instead of coordinate transformations, | use a more mod-
ern language): Imagine a finite region 2 of spacetime - the
‘hole’ — in which the stress-energy tensor vanishes. As-
sume that a metric field g is a solution of a generally cov-
ariant field equation. Apply now a diffeomorphism ¢ on g,

3 In his calculation of the perihelion motion (on the basis of the vacuum
equations Rw = 0) it became clear to him that spatial flatness did not hold
even for weak static fields.



producing ¢*g (push-forward), and choose the diffeomor-
phism such that it leaves the spacetime region outside ©
pointwise fixed. Clearly, g and ¢*g are different solutions
of the field equation that agree outside 2. In other words,
generally covariant field equations allow huge families of
solutions for one and the same matter distribution (outside
the hole). At the time, Einstein found this unacceptable, be-
cause this was in his opinion a dramatic failure of what he
called the law of causality (now usually called determinism).
He then thought that the energy-momentum tensor should
(for appropriate boundary or initial conditions) determine
the metric uniquely.

It took a long time until Einstein understood that this non-
uniqueness is an expression of what we now call gauge
invariance, analogous to the local invariance of our gauge
theories in elementary particle physics. On January 3, 1916
he wrote to Besso: "Everything in the hole argument was
correct up to the final conclusion."

The role of diffeomorphism invariance of GR, especially for
the Cauchy problem, was first understood by Hilbert.

Final remarks

When Einstein was finishing his work on GR under great
stress and was suspending all correspondence with col-

Auszug aus einem Interview von Res Jost mit Otto
Stern, der mit Einstein von Prag nach Ziirich kam
und zwei Jahre spéter an der ETH (mit einem Gut-
achten von Einstein) habilitierte:

In Zirich war's natirlich sehr schén (...) und beson-
ders deswegen interessant, weil Laue an der Univer-
sitat war. Ausserdem waren Ehrenfest und Tatjana (...)
mindestens ein Vierteljahr, vielleicht auch etwas langer
zu Besuch (...). Das gab nattrlich immer herrliche Dis-
kussionen im Kolloquium (...). Wir waren auch ein paar
jingere Leute, die ganz eifrig waren. Ehrenfest nann-
te uns immer den 'Dreistern'. Das waren der Herzfeld
und der Kern (und ich). (Kern hatte den Doktor bei De-
bye gemacht.) Debye war ja der Vorganger von Laue
an der Universitat (...). Nur der Weiss (...), Pierre Weiss
war damals Experimentalphysiker und Institutsdirek-
tor, der kam nie ins Kolloquium. Er verbot auch das
Rauchen, das war furchtbar (...). Dem Einstein konnte
man das aber nicht verbieten. Infolgedessen, wenn
es eben zu schlimm war, dann bin ich einfach ins
Einstein'sche Zimmer gegangen (...) und konnte mich
mit ihm unterhalten (...). Das gab dann immer lebhafte
Diskussionen (...) Uber damals véllig ungeléste Rat-
sel der Quantentheorie. Das einzige, was man Uber
Quantentheorie wirklich wusste, war die Planck'sche
Formel, Schluss (...). Ich bin auch ins Kolleg zu Ein-
stein gegangen (...), das war (...) auch sehr schon,
aber nicht fir Anfanger. Einstein hat sich ja nie richtig
vorbereitet auf die Vorlesung, aber er war eben doch
Einstein (...), wenn er da so herumgemorkst hat, war
es doch sehr interessant (...), immer sehr raffiniert ge-
macht und sehr physikalisch vor allen Dingen (...).
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leagues, he still found time to communicate with Michele
Besso. On November 17, 1915 he mailed a postcard from
Berlin, that contains the great news:

| have worked with great success during these months. Ge-
neral covariant gravitational equations. Motions of the pe-
rihelion quantitatively explained. (...). You will be amazed. |
worked horribly strenuously [schauderhaft angestrengt], [it
is] strange that one can endure that. (...) (CPAE, Vol. 8, Part
A, Doc. 147).

Besso passed this card on to Zangger: "l enclose the his-
torical card of Einstein, reporting the setting of the capstone
of an epoch that began with Newton’s 'apple'."

The discovery of the general theory of relativity has of-
ten been justly praised as one of the greatest intellectual
achievements of a human being. At the ceremonial presen-
tation of Hubacher’s bust of A. Einstein in Zirich, W. Pauli

said:

The general theory of relativity then completed and - in
contrast to the special theory - worked out by Einstein
alone without simultaneous contributions by other re-
searchers, will forever remain the classic example of a
theory of perfect beauty in its mathematical structure.
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