
Nr. 48
Februar 2016

SPG MITTEILUNGEN
COMMUNICATIONS DE LA SSP

AUSZUG - EXTRAIT

This article has been downloaded from:
http://www.sps.ch/fileadmin/articles-pdf/2016/Mitteilungen_History_15.pdf

© see http://www.sps.ch/bottom_menu/impressum/

History of Physics (15)
Born's outstanding role in the formulation of Quantum Mechanics

Jan Lacki, History and Philosophy of Science, University of Geneva



30

SPG Mitteilungen Nr. 48

History of Physics (15)
Born's outstanding role in the formulation of Quantum Mechanics

Jan Lacki, History and Philosophy of Science, University of Geneva

Max Born received the Nobel prize in physics for the year 
1954 sharing this distinction with Walter Bothe. He was 
awarded the prize "for his fundamental research in quantum 
mechanics, especially for his statistical interpretation of the 
wavefunction".
The Nobel prize for Born, the year following his retirement, 
came, in the opinion of many, rather late 1. After all, most of 
the heroes in the development of quantum mechanics were 
since long laureates (Bohr, Dirac, Schrödinger, Pauli) even 
if some other characters remained unjustly discarded (to 
quote but one, Sommerfeld, many times nominated but nev-
er awarded). This is not to say that Born diserved the Nobel 
more than some of his predecessors. Nobel prize politics 
reflect delicate issues of balance (fields considered, nation-
alities, etc.) so that purely scientific reasons are not solely 
decisive. Also, we are today used to Nobel prizes awarded 
decades after the decisive contribution actually happened 
(for instance the awards granted to Jack Steinberger or Al-
bert Fert, just to take this two). From this perspective, Born 
being awarded the prize some thirty years after he proposed 
his statistical interpretation and obtained his best results 
hardly leaves matter for criticism. Still, given Born's numer-
ous contributions to 20th century physics, some of them 
fundamental, an earlier distinction would have been highly 
deserved. This paper is an attempt to bring some fuel to this 
statement; although it will focus on Born's contributions to 
general problems in the foundations of quantum mechanics, 
one should not forget Born's considerable achievements in 
the quantum theory of solids, in optics, and non-linear elec-
trodynamics 2.

Life and scientific career

Max Born was born in Breslau (present time Wroclaw on 
Polish territory) in 1882, son of Gustav Born, professor of 
anatomy and Margarethe Kauffmann from a family of Sile-
sian industrialists. After his gymnasium curriculum he en-
tered Breslau university in 1901. After some semesters and 
the decision to turn to the study of mathematics and exact 
siences, Born continued his studies in Heidelberg and then 
Zurich, to finally enroll the university of Göttingen in 1904. 
Soon (1905) he became Hilbert's private assistant in charge 
of preparing the transcripts of the master for the mathemat-
ics reading room and this should be traced back as the main 
origin of his mathematical skills. On the other hand, Born has 
at the time also been influenced by the teaching of Hermann 
Minkowski who, following his recent physics interests, was 

1 It was not for lack of nominations. For instance, Einstein proposed 
him, together with Heisenberg and Jordan, in 1928. Out of the three, only 
Heisenberg obtained the prize for year 1932. Being distinguished alone 
caused moral discomfort to Heisenberg: it is well known that in a letter to 
Born, he expressed his "bad conscience" that he alone had received the 
Prize "for work done in Göttingen in collaboration — you, Jordan and I". For 
details, see [Greenspan 2005] and [Singh and Riess 2013].

2 The present paper follows a previous one by Emil Wolf in issue 47 of 
the SPG Mitteilungen where Born and his science is being recollected on 
a more personal basis. This mini-series devoted to Born will end with an 
account of some aspects of Born's mathematical physics in the next issue..

running a seminar on the electron theory where results of 
prominent contributors to electrodynamics, and then espe-
cially Lorentz, Poincaré and of course Minkowski, were dis-
cussed. Although Born's interest was definitely in electron 
theory and soon relativity, a clash with the almighty Felix 
Klein constrained him to consider for his dissertation topic 
elasticity theory where Born showed great competence as 
well. After completing his Ph.D. in 1907, Born returned to 
Breslau only to come back to Göttingen in 1908 following 
an invitation from Minkowski to become associate. The un-
timely death of Minkowski put an end to a promising collabo-
ration and saw Born, still regarded with animosity by Klein, 
find some support from Hilbert and Runge, which enabled 
him to obtain his habilitation under the guidance of Wolde-
mar Voigt. In 1909 Born visited for a couple of months J. J. 
Thomson and J. Larmor in Cambridge to learn more electron 
physics and then returned to Breslau where he could have a 
better look at Einstein's theory which deeply impressed him. 
At the time Born was mainly active in relativity but from 1912 
on, he started as well his life long interest in the physics of 
crystal lattices, again inspired by seminal papers of Einstein 
on specific heats. He obtained, among others, in collabo-
ration with von Karman results which would be independ-
ently exposed by Debye. Born's academic career followed 
in 1915 with a call from the University of Berlin to become 
extraordinary professor assisting Max Planck. In spite of the 
difficult time of war, Born could spend there some of his best 
years, keeping close to Planck and especially Einstein with 
whom he developped a life long friendship. After a teach-
ing position in Frankfurt where he replaced von Laue, Born 
was offered a position in Göttingen where he came back 
to strengthen the local faculty, making its university one of 
the most prominent scientific places in Germany. Although 
still working on lattice theory, Born soon fell under the spell 
of quantum theory, especially after memorable lectures that 
Niels Bohr gave there in 1921. This marks the most well 
known period of Born's career as quantum physicist. His 
many successes did not protect Born from enduring hard-
ship, as many other Jewish civil servants, when Nazis came 
to power. In April 1933 he was placed on "leave of absence" 
and left Germany in following May. Thanks to the interven-
tion of Patrick Blackett, Born could obtain a modest posi-
tion as lecturer in Cambridge until, in 1936, he succeeded 
Charles Darwin on the Tait chair of natural philosophy in Ed-
inburgh where he reconstructed a research group matching 
his expertise. He retired in 1953 and returned to Germany 
the following year. He died there in 1970.

Born's contributions to the "old quantum theory"

The year 1926 saw the remarkable unification of matrix and 
wave mechanics culminating in the transformation theory 
of Dirac, Jordan and London. John von Neumann in turn 
gave transformation theory its ultimate mathematical edge 
in terms of a mathematical theory that he created for this 
purpose: Hilbert space theory and the associated theory 
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of unbounded self-adjoint operators. However, when trying 
to come to terms with atomic physics before the advent of 
quantum mechanics, physicists were not completely help-
less. There existed, in the decade following Bohr's theory 
of the Hydrogen atom (1913), a fairly sophisticated semi-
classical theory of atomic phenomena which transposed to 
atomic physics the theoretical framework of celestial me-
chanics developped in 19th century. Historians often dub this 
theory the "old" quantum theory. Its key idea was to approxi-
mate atoms as multiply periodic systems where, introducing 
action-angle variables, one could express the time evolution 
of any physical quantity O(t) pertaining to the system as a 
multiple Fourier series expansion of the form
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In the expression above, the coefficients O , ,...,n n ng1 2  of the ex-
pansion, indexed by integers ni , depend solely on the action 
variables Ji which are quantized following the "Bohr-Som-
merfeld rules", namely Ji = τih, with τi the quantum numbers 
characterizing the orbit (stationary state) considered. The 
oscillating terms (2 ( ... ) )exp i n n n tg g1 1 2 2r o o o+ + +  depend 
on phases which involve linear combinations of classical 
frequencies ni which characterize the periodic motions un-
derlying the system's dynamics. The number of the action 
variables, g, corresponds usually to the number of degrees 
of freedom but, in degenerate cases, it can be less. In what 
concerns the quantum meaning of such expressions, the 
harmonic terms were interpreted, following Bohr's "corre-
spondence principle", in terms of transitions between the 
stationary states of the quantum system. More precisely, 
quantum physicists were reinterpreting such series in terms 
of quantum jumps between orbits corresponding to quan-
tum numbers τi and τi +ni , the square of the modulus of the 
expansion coefficient ( )O J hn i i

2
i x=  providing information 

on the relative frequency of such jumps and hence on the 
intensity of the corresponding spectral lines 3.
Born's interest in quantum theory was ultimately triggered 
by the famous series of lectures Niels Bohr delivered in 
Göttingen in 1921 (the so-called Bohr Festspiel) explain-
ing the state of the art in atomic physics. This was a topic 
where Born could perfectly invest his considerable expertise 
in mathematical physics and broaden his interest in quan-
tum physics up to then focussed, following Einstein's work, 
on the consequences of Planck's quanta on the theory of 
solids. Born contributed to the old quantum theory in sev-
eral papers which were showing how to apply perturbation 
theory to tackle the problems of complex atoms and com-
plex spectra, which could not be directly discribed as mul-
tiply periodic systems (for instance his papers with Brody 
[Born and Brody 1921], or with Pauli [Born and Pauli 1922]). 
Interestingly enough, Born was at the time also focussing 
his research on attempts to obtain, following Bohr's corre-
spondence principle, systematic translations of (classical) 
differential operators in terms of (finite) difference operators 
taking into account the discrete spectrum of Bohr's stationary 

3 Bohr's "correspondence principle" is a tricky piece of physical intuition 
which shows how physicists following Bohr were getting their way out of the 
maze of quantum facts. It is fairly remote from what we understand today 
under the same designation, namely sending Planck's constant to zero 
and (roughly speaking), recover classical physics. For the details of what 
it meant in the twenties, see [Jammer 1966], p. 102-118, and [Hund 1967].

states. As the difference 
expressions obtained 
could be considered, in a 
sense, as genuine quan-
tum ones, one of Born's 
papers is significantly 
entitled Über Quanten-
mechanik, published in 
1924. Soon later Born 
and his student Jordan 
used the translation tech-
nique in a paper Zur Quantenmechanik aperiodischer Vor-
gänge, which considered again Planck's foundational case 
of resonators in a radiation field. What they found was that 
quantum physics was in an essential way involving pairs 
of states and associated "transition amplitudes". The impor-
tance of these developments becomes clear when one real-
izes that all this was happening just months before Heisen-
berg's breakthrough in summer 1925.

Born and quantum mechanics

As is well known, the birth of quantum mechanics took place 
with a seminal paper of Werner Heisenberg in 1925 [Heisen-
berg 1925] 4. This was to start the first formulation of quan-
tum mechanics in his "matrix mechanics" disguise. Without 
entering details, Heisenberg, an expert in the field of the old 
quantum theory, concentrated on the formal manipulations 
one could perform on the Fourier series associated to multi-
ply periodic systems recognizing that their physical content 
was (solely) contained in the expansion coefficients (intensi-
ties and frequencies of spectral lines) rather that in the series 
as such which, when summed, would point to unobservable 
quantities such as the trajectories of the electron. Focussing 
then on such sets of coefficients ( )O hn nx 3

3

=-" ,  as tentative 
new mathematical representatives of physical observables 
(for ease of exposition, I consider the case of a single de-
gree of freedom), Heisenberg tried to guess the logic of the 
algebraic manipulations that one could fancy between them. 
For instance, knowing that a physical quantity O is associ-
ated to the set ( )O hn nx 3

3

=-" , , what would be the set associ-
ated to the square quantity O2 ? The parenthood with Born's 
Quantenmechanik program should at this point be obvious. 
Showing impressive intuition and cleverness, Heisenberg 
obtained the rules for "multiplication" which enabled him to 
write down the first genuinly quantum equations, which he 
successfully tested in the cases of the harmonic and an-
harmonic oscillator. However, his new algebraic rules, that 
he discovered with embarassment to be non-commutative, 
remained in his paper mathematically uninterpreted. This is 
where Born entered (again) the scene.
Heisenberg obtained his breakthrough while he was try-
ing to get some relief from a sever attack of hay fever on 
the island of Helgoland on the North Sea facing Hamburg. 
Serving at the time as Born assistant and preparing with 
him his habilitation, he sent Born a draft of his paper in July 
1925. Born soon recognized that the odd rules of Heisen-
berg were in fact corresponding to matrix multiplication, i.e. 
Heisenberg's sets ( )O hn nx 3

3

=-" ,  were to be viewed as two 
dimensional (infinite) arrays of complex numbers with ma-
trix algebra rules. At the time, matrices and matrix algebra 

4 For a general history, see [Jammer 1966], [Mehra and Rechenberg 1982, 
1987].

Max Born and Wolfgang Pauli
© CERN, Geneva
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were rather exotic mathematics even among mathemati-
cians. This deserves clarification: of course, the mathemati-
cal situations where today we immediatly identify the need 
for "matrix thinking" (typically the solving of systems of lin-
ear equations, etc.) were mathematical commonplace since 
centuries, but their interpretation in terms of what we call 
today linear algebra was rather rare. Vector spaces and the 
thinking in terms of "intrinsic" objects (vectors, linear map-
pings, etc.) was not yet widespread. Born recognizing that 
Heisenberg was actually handling matrices illustrates then 
his remarkable mathematical culture and accuity.
But Born did not stop there. Jumping in the train started by 
Heisenberg, Born immediatly proposed Pauli to work on 
an extensive and systematic formulation of Heisenberg's 
proposal in terms of matrix algebra. Ironically, Pauli, who 
was not (yet) fond of mathematical sophistication, turned 
Born's proposal down, so the latter turned next to his more 
mathematically minded assistant Jordan 5. They published 
a first paper entitled Zur Quantenmechanik [Born and Jor-
dan 1925] where the authors could, among others, prove 
the consistency of the odd non-commutative rules hinted 
at by Heisenberg. In the sequel, Zur Quantenmechanik II, 
authored together with Heisenberg who was back from Co-
penhagen where he was visiting Bohr, a full fledged theory 
of matrix mechanics was released [Born, Heisenberg and 
Jordan 1926], marking the beginning of quantum mechan-
ics. Here is a brief summary of this remarkable paper.
In the case of a multiply periodic system, to each quantum 
theoretical quantity A one associates the set of numbers 
a(nm) exp(2πin (nm)t) 6. These coefficients are understood 
as defining a matrix a. The usual matrix operation rules are 
assumed to hold. The fundamental relation between canoni-
cal matrices,

		  pq - qp = -iħ1	 (1)

enables to calculate products of quantum theoretical quanti-
ties. Given a Hamiltonian matrix H, the relations (1) ensure 
the validity of the canonical equations 7

;p q
H q p

H
2
2

2
2=- =o o

which account for the dynamics of the system. Bohr fre-
quency conditions

hn(nm) = Hn - Hm

5 Indeed, Pauli was suspicious of sheer mathematical virtuosity (of which 
he considered Born a distinguished representative) and tended in these 
years to favor most physical intuition. He was for instance the one who 
insisted that his slightly younger colleague and friend Heisenberg should, 
after his Göttingen experience, go to Copengagen to "learn physics 
from Bohr". Jordan had, on the contrary, no such second thoughts about 
mathematics. He was at the time also involved with Hilbert and the editorial 
project of lecture notes that the latter was carrying on with Courant, the well 
known Methods of Mathematical Physics.

6 The typically integer indices n,m label the (discrete) set of stationary 
states of the system. The frequencies n(nm) are characteristic of the 
transitions between state n and m which becomes manifest in the Bohr 
frequency conditions below. The origin of such expressions goes back 
to the use of multiple Fourier expansions of the old quantum theory, see 
above.

7 H is assumed to be a function of the (matrices) p and q. The explicit form 
of the latter depends on the problem considered and is usually inherited 
from the classical expression.

for the transition frequencies n(nm) of quantum jumps be-
tween stationary states recovered when the Hamiltonian 
matrix is diagonal, with Hn its n-th diagonal element cor-
responding to the energy of the n-th stationary state, and 
h Planck's constant. The dynamical problem amounts thus 
to finding a set of matrices obeying (1) such that the cor-
responding Hamiltonian expressed in terms of the latter is 
diagonal. The main tool for diagonalization are the (canoni-
cal) transformations

		  H " S-1HS	 (2)

Born, Heisenberg and Jordan developed in their paper the 
stationary and time dependent perturbation theories, ob-
taining perturbative expansions for the diagonalization ma-
trix S. In this case the latter has an expansion of the form 
S = 1 + � (e) where e is a small parameter, so that the com-
putation of S-1 can be formally handled.
A contemporary reader will immediatly recognize in Born's 
and collaborators' formalism what we call today the "Hei-
senberg representation" of quantum dynamics, where time 
evolution is carried solely by observables. At the time, the 
situation was even more radical since states were just ab-
sent from matrix mechanics 8. This is simple to understand. 
Although the fathers of matrix mechanics used matrices to 
express the formalism, they did not associate to them any 
"mapping" meaning. The matrices were thought as pure ar-
rays of numbers deprived of any operatorial meaning. The 
latter came only with transformation theory roughly a year 
later, prompted by the need to understand the equivalence 
of matrix mechanics with Schrödinger wave-mechanics 
where states are explicit (the wave functions).
Another shortcoming of the original approach of Born and 
his collaborators was that it seems to make sense only in 
the case of a discrete spectrum of stationary states. Only 
then it is possible to deal with the matrices without the ill-
defined Dirac d-function 9. This is indeed the case in multiply 
periodic systems exhausting the models of Bohr's atomic 
theory (discarding the continuous portion of the spectrum), 
but not in scattering processes and other non-periodic phe-
nomena.

Born and Wiener almost discovered wave-mechanics

Starting with the foundational paper of Born, Jordan and He-
isenberg, progress was moving in an increasingly fast pace. 
Studying Heisenberg's paper and without contact with the 
Germans, Dirac recovered and extended independently He-
isenberg's original ideas in terms of a calculus of abstract non-
commuting "q-numbers" in a series of papers which marked 
his entering the quantum scene [Dirac 1925, 1926ab]. Then, 
only a couple of months later, Erwin Schrödinger introduced 
in a series of four papers the differential equations of wave 
mechanics [Schrödinger 1926abcd] 10. In the first months 
of 1926, quantum mechanics was then expressed in three 

8 Of course, matrix mechanics considers stationary states, as it inherits 
many of its concepts from the old quantum theory, but I am meaning here 
the genuine quantum states as they are considered in present day quantum 
mechanics (i.e. elements in a Hilbert space).

9 Even if one was ready to consider "matrices" with continuous ranges of 
indices, one had to face singularities on the diagonal.

10 I refrain from quoting the basic elements of Schrödinger's wave 
mechanics as they are, up to subtle interpretation differences, very much 
what is taught today.
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very different formulations (if we dissociate Dirac's one from 
matrix mechanics, since Dirac's q-numbers are more gen-
eral and need not be realized as matrices).
Actually, there was even a fourth formulation, forgotten to-
day, an operator calculus due to Born and Wiener. To cir-
cumvent the shortcoming of the restriction to only purely dis-
crete spectra (see above) which technically prevented matrix 
mechanics from describing even such simple situations as 
free motion (its Hamiltonian has obviously continuous spec-
trum), Born and Norbert Wiener 11 used the opportunity of 
Born's series of lectures at the MIT Massachusetts in winter 
1925-1926, to collaborate and submitted in January 1926 a 
joint paper Eine neue Formulierung der Quantengesetze für 
periodische und nichtperiodische Vorgänge. It was expos-
ing a new formalism using as fundamental formal devices 
linear operators [Born and Wiener 1926]. This was done in 
the following way. A matrix with coefficients q(mn) is asso-
ciated with a linear transformation acting on "vectors" with 
coefficients xn

( )y q mn xm n
n

//

which, in case one defines the function x(t) with the help of 
the Fourier series

( ) ( )expx t x i W tn n
'

=/

yields the functional transformation

( ) ( ) ( , ) ( ) ( )exp limy t y i W t T q t s x s ds2
1 3m m

T T

T
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The linear operator q is then formally defined as

( , ) ...limq T dsq t s2
1

T T

T
=

"3 -
#

It transforms a given function x(t) into another one y(t). One 
may reciprocally associate with each operator a matrix go-
ing backwards the steps above. Using this framework, Born 
and Wiener reformulated matrix mechanics replacing sys-
tematically all the matrices by their operators and applied 
the new approach to the simplest non-periodic system, free 
motion. As we see, Born and Wiener operators are basically 
the operators of "our" quantum mechanics and the vectors 
are the wave functions if we think them expressed in the 
basis of energy eigenstates 12. Indeed, and this belongs to 
the long list of lost opportunities in history of science, when 
Born and Wiener explained to Hilbert their approach, the 
latter suggested them to have a look at his theory of inte-

11 Born and Wiener were acquainted since Wiener's sejour in Göttingen 
in summer 1925.

12 Pauli, when trying to understand the equivalence between matrix 
and wave mechanics, introduced operators as well, but in a form different 
from that of Born and Wiener, see [Mehra and Rechenberg 1987], chap. IV. 
The operator approach was used also by others in their attempts to prove 
the equivalence of matrix and wave mechanics; among others, C. Eckart 
[Eckart 1926ab]. Actually, Cornelius Lanczos proposed as early as end of 
1925 a systematic way of obtaining continuous equations equivalent to 
matrix ones using integral equations and the formalism of Green functions 
[Lanczos 1926], but did not provide any new application.

gral equations which, a posteriori, exposes just the math-
ematics needed to reach, from Born and Wiener proposal, 
wave mechanics. His advice was not followed or maybe 
not sufficiently enough: be it as it may, Born and Wiener 
missed the opportunity to discover wave mechanics before 
Schrödinger, in the sense that they could have written the 
evolution (Schrödinger) equation before Schrödinger pub-
lished his own results 13. One should however remark that 
the starting point of Schrödinger was quite different, being 
essentially motivated by de Broglie's particle-wave duality 
for matter and the classical Hamilton-Jacoby theory.

Born's statistical interpretation

In order to understand the origin of Born's interpretation of 
the square modulus of the wave function, one has to recall 
what was known of quantum theory in the middle of 1926. 
As soon as Schrödinger exposed his wave mechanics, there 
was the need to understand the relation of his formalism 
with matrix mechanics. The first "proof" of equivalence was 
given by Schrödinger himself [Schrödinger 1926e] as an im-
mediate sequel to his foundational papers. For each pair of 
(normalized) eigenfunctions, say ψn and ψm, and a physical 
quantity A(pk,qk), Schrödinger showed that the expressions

( , )A dq A i q qnm n
k

k m'
2
2} }= -#

yielded the coefficients of the corresponding Heisenberg 
matrix 14. He insisted (much) less on the opposite, that 
one could derive his wave solutions knowing Heisenberg's 
ones 15. In his early paper Quantum Mechanics and a Pre-
liminary Investigation of the Hydrogen Atom ([Dirac 1926a], 
submitted January 22), Dirac, studying the quantum ana-
logue of action-angle variables, introduced the fundamental 
interchange relations

( , ) ( , ), (4)
( , ) ( , ),
e f q p f q p
f q p e e f q p

( )

( ) ( )

i q
r r r r r

r r
i q i q
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'

'
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a

= -

= +

a
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with ( ) , ( )q q 5r r
r

f

1
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=

/

where the index r runs over the f degrees of freedom. This 
enabled him to deal with the quantum analogues of the clas-
sical multiply periodic expansions of the form

( ) .x x J e ( )
r

i w= a
a

a

/

Commuting the xα across the ei(αw), and using the canonical 
commutation relations, Dirac could obtain q-number formu-
las displaying the same structural features as the ones of 
matrix mechanics. This was, in Dirac's terms, a proof of the 
possibility of representing his q-numbers by Heisenberg's 
matrices made out of c-numbers. He would later talk of a 
given "matrix scheme". Dirac studied later this correspond-

13 Born recongnized this years later, see [Mehra and Rechenberg 1982], 
vol. 3, p. 244.

14 Although Schrödinger realized that to some extent the quantity 
ψψ* = |ψ|2 played the role of a weight function in the configuration space 
(this interpretation can be found in [Schrödinger 1926d], pp.109-139), 
the full probabilistic meaning of |ψ|2 came only with Born's statistical 
interpretation.

15 As soon as Schrödinger published his theory, a rivality started between 
matrix and wave mechanics, each formalism claiming true description of 
quantum physics, quantum jumps against wave nature of matter.



34

SPG Mitteilungen Nr. 48

ence in a more general setting acting directly with q-num-
bers on Schrödinger's eigenfunctions [Dirac 1926b].
In spite of these correspondences between the various 
approaches, there was a definite lack of understanding of 
which were just the essential structural features underlying 
new quantum mechanics The answer to this question im-
plied to identify the common structure behind its different 
and sometimes restricted realizations which were under-
stood as mutually equivalent only as far as all related to the 
original matrix formulation and, of course, all were providing 
same physical results. This is where Born made again a de-
cisive contribution.

Born's interpretation emerged out of his interest, since the 
very first moments, to reformulate the theory in order to 
be able to handle non periodic situations where the spec-
tra had continuous parts. His operator theory developed 
together with Wiener was explicitely within this program. 
It is remarkable that Born's persistance in dealing with the 
problem eventually made him hit on the statistical interpre-
tation. It was mentioned for the first time in a preliminary 
notice ([Born 1926a], submitted June 25), and then made 
more explicit in Born's subsequent paper ([Born 1926b], 
submitted July 21) devoted to the study of scattering off a 
potential, Quantenmechanik der Stossvorgänge. Born's in-
troduction to his paper is illuminating. He first reminds the 
reader of the conflicting views on atomic events carried by 
the two quantum formalisms of his time: on one side matrix 
mechanics, with its underlying claim of the impossibilty of a 
unified description of events in space and time (hence quan-
tum jumps) and the introduction of an alternate account in 
terms of (solely observable) intensities and frequencies of 
spectral lines, and on the other side wave mechanics, sup-
posing instead a fundamental wave-like nature of matter. 
None is, to Born's opinion, totally satisfying. He proposes 
to derive then a third interpretation. His guiding line is Ein-
stein's understanding of the relation between light quanta 
and the corresponding wave field. Waves, kind of "Gespen-
sterfield", determine the probability for the quanta to follow 
a given path. Only quanta carry energy and momentum, the 
field does not. By analogy, Born proposes then to think of 
the Schrödinger waves as "Gespensterfield" or better, as 
he writes, "Führungsfeld" for electrons. The Schrödinger 
"Führungsfeld" propagates causally following Schrödinger's 
equation. Electrons carry energy and momentum and their 
trajectories are determined only by the requirements of con-
servation principles and by the probabilities following from 
the Schrödinger's field. In Born's words:

The motions of particles follow probability rules, but 
the probability itself propagates in accordance with the 
causal principle 16.

But how to test this view? Periodic processes are unsuit-
able to probe this hypothesis 17. One should then consider 
as the next case non-periodic but stationary processes, and 
this is why Born considers in the sequel the case of scatter-
ing off a time-constant potential (the even more demanding 
case of non-periodic and non-stationary motion is only al-
luded to). This is then the context where Born proposes his 

16 [Born 1926b], p. 804.
17 Such processes, proper, do not propagate in time.

famous approximation scheme to general scattering prob-
lems known today as Born's approximation. Leaving aside 
the details of his approach (trained physicists know them 
well), I want to concentrate instead on Born's statistical in-
terpretation alluded to in his introduction. Born reminds us 
first that in the case of periodic events where the stationary 
Schrödinger equation has as solutions the set of eigenfunc-
tions ψn, a superposition of such solutions:

( )c 6n n} }=/

begs for an interpretation where the square moduli |cn|2 pro-
vide the probability for the system to be in the state n. Going 
to the continuous spectrum case (free motion is considered) 
and using the Fourier expansion

( ) ( ) ,x c k e dk2
1 ikx}
r

= #

Born interprets again |c(k)|2 as the relative frequency of 
states in the interval (2p)-1dk centered at k. One will how-
ever not find in Born's paper explicitly the emblematic state-
ment that |ψ(x)|2 yields a density of probability for location. 
Within Born's logic at that time, this would have required to 
consider an improper expansion of the type

( ) ( ) ( ) ,x x y dyy} } d= -#

which he did not. This is certainly related to the fact that 
Born did not really grant (6) the meaning of a representative 
of a (quantum) state. It was then for him rather something 
expressing a situation of statistical mixture 18. We encoun-
ter here again the oddity of how the various schemes of 
quantum mechanics in the period immediatly preceeding 
transformation theory were then understood: to say it again, 
the linear features of the mathematical reality underlying the 
various formulations, and their consequences in terms of 
physical interpretation were yet unclear.
To show the importance of Born's interpretation for the gen-
eral development of the theory (going beyond their practical 
use in computing probability distributions), let me discuss 
two achievements that missed, or, on the contrary, drew full 
consequences from Born's proposal.
To start with, let's consider the remarkable contribution of 
Fritz London to transformation theory. In a paper [London 
1926b] more or less contemporary to Born's, he was the 
first to recognize (months before Dirac and Jordan, which 
is, given the blazing pace of event at the time, substantially 
earlier) that the basic mathematical ingredient of what un-
derlied matrix and wave mechanics was the use of infinite 
dimensional spaces where, so to speak, "Heisenberg ma-
trices act on Schrödinger's functions". He came thus very 
close to transformation theory but his picture still missed a 
crucial element: ignoring Born's interpretation which was 
just starting to spread out, London did not associate any 

18 This is clear in his paper Das Adiabatenprinzip in der Quantenmechanik 
([Born 1926c], pp. 168-169). It is possible that Born was still under the "spell" 
of the same problem that prevented him from "inventing" the concept of 
quantum state in his and Wiener's operator formalism which we mentioned 
above. At closer inspection, the abstract column vectors on which act the 
Born-Wiener operators are, in their formalism, mere dummy arguments. 
Born-Wiener did not bother asking the question of the possible meaning 
of these dummy vector variables, and of their possible counterparts in the 
conventional matrix mechanics.
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physical meaning to the wave function itself 19. Jordan and 
Dirac in their respective versions of transformation theory, 
this time knowing well Born's proposal, instead fully includ-
ed it in their constructions 20.
Another proof of the importance of Born's proposal for the 
general development and understanding of the theory is 
Pauli's generalization of the statistical intepretation to other 
quantities obtainable from the wave function. Usually, this 
generalization is traced back to a note in Pauli's paper Über 
Gasentartung und Paramagnetismus ([Pauli 1927], p. 83). 
The reader is nowadays better served looking at a 1926 let-
ter from Pauli to Heisenberg where the whole matter is dis-
cussed in a more elaborated form 21. Pauli extends there first 
Born's interpretation to the squared modulus of the wave 
function in momentum space and then considers even more 
general possibilities. Let me quote him extensively, p. 347:

[...] wieso denn die genannten Matrixelemente dazu 
kommen, die Stoßwahrscheinlichkeiten zu bestimmen. 
Die Richtung, in der man da steuern muß, ist glaube ich, 
folgende. Die historische Entwicklung hat es mit sich 
gebracht, daß die Verknüpfung der Matrixelemente mit 
der Beobachtung zugänglichen Daten auf dem Umweg 
über die emittierte Strahlung vorgenommen wird. Ich 
bin aber jetzt mit der ganzen Inbrunst meines Herzens 
davon überzeugt, daß die Matrixelemente mit prinzipiell 
beobachtbaren kinematischen (vielleicht statistischen) 
Daten der betreffenden Teilchen in den stationären 
Zuständen verknüpft sein müssen. Ganz abgesehen 
davon, ob überhaupt und was (elektromagnetisch) 
gestrahlt wird (Lichtgeschwindigkeit ∞ gesetzt). Auch 
zweifle ich nicht, daß dahinter der Schlüssel zur Be-
handlung der unperiodischen Bewegungen verborgen 
ist. - Nun ist es so: alle Diagonalelemente der Matri-
zen (wenigstens von Funktionen der p allein oder der 
q allein) kann man überhaupt schon jetzt kinematisch 
deuten. Denn man kann ja zunächst nach der Wahr-
scheinlichkeit fragen, daß in einem bestimmten statio-
nären Zustand des Systems die Koordinaten qk seiner 
Teilchen (k = 1,..,f) zwischen qk und qk + dqk liegen. Die 
Antwort hierauf ist

( ... ) ... ,q q dq dqf f1
2

1}

wenn ψ die Schrödingersche Eigenfunktion ist. (Vom 
korpuskularen Standpunkt aus ist es also schon sinn-
voll, daß  sie im mehrdimensionalen Raum liegt.) Diese 
Wahrscheinlichkeit müssen wir als prinzipiell beobacht-
bar ansehen, genau so wie die Lichtintensität als Orts-
funktion in stehenden Lichtwellen. Es ist dann klar, daß 
die Diagonalelemente der Matrix jeder q-Funktion

( ) ( ... ) ... ,F F q q q dq dqnn k f f1
2

1}= #

19 London was then in Stuttgart serving as assistant to Paul Ewald at 
the Institute of Theoretical Physics at the local Technische Hochschule, 
at the time not a prominent place for quantum theory, and so he could not 
benefit from private conversations or results that other scholars could take 
advantage of.

20 Jordan was then in Göttingen and Dirac was visiting Bohr in 
Copenhagen.

21 Pauli to Heisenberg, letter dated October 19, in [von Meyenn and 
Weisskopf 1979].

sein müssen, da sie physikalisch ''Mittelwert von F im 
n-ten Zustand'' bedeuten. Hier kann man einen mathe-
matischen Witz machen: Es gibt auch eine entspre-
chende Wahrscheinlichkeitsdichte im p-Raum: Hierzu 
setze man an (eindimensional formuliert, der Einfach-
heit halber)

( ) ( ) ;
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p p p p dp

i q p dp p dp
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(~ bedeutet konjugiert komplexe Größe; es unterschei-
det sich im allgemeinen k{

+  und k{  nicht nur durch ei-
nen konstanten Faktor. Orthogonalität besagt

dpi k ik{ { d=
+#

Multiplikationsregel und Relation pq - qp = -iħ1 sind er-
füllt.)  
Sie sehen, daß ich gegenüber der gewöhnlichen Vor-
schrift die Bildungsgesetze für die Matrizenelemente pik 
und qik aus den Eigenfunktionen vertauscht habe. Aus 
der Matrixrelation des Energiesatzes p2/2m + V(q) = E 
gewinnt man

( )m
p V i q E2
2

'
2
2 { {+ - == G

V als Operator gedacht, etwa Potenzreihe in q2
2

 . Beim 
harmonischen Oszillator, wo die Hamilton-Funktion 
symmetrisch in p und q ist, ist auch  das Hermitesche 
Polynom. Man kann mit den  auch Störungstheorie 
treiben. Auch beim H-Atom muß  eine einfache Funkti-
on sein, ich habe sie aber noch nicht ausgerechnet. Je-
denfalls gibt es also auch eine Wahrscheinlichkeit dafür, 
daß im n-ten Quantenzustand pk zwischen pk und pk + 
dpk liegt, und die ist gegeben durch

( ... ) ...p p dp dpn f f1
2

1{

also

( ) ( ) ( ) ...F p F p p dp dpnn n f
2

1{= #

Da demnach die Diagonalelemente der Matrizen aus 
den in den Funktionen k(p1...pf) und k(q1...qf) enthal-
tenen kinematischen Aussagen physikalisch folgen, 
glaube ich nicht, daß Ihre Schwankungsüberlegungen 
darüber hinaus irgend etwas Neues und für die Deu-
tung der unperiodischen Bewegungen wichtiges sagen 
können.

According to Pauli (taking over Born's interpretation), if the 
system is in a state corresponding to the n-th Schrödinger 
(normalized) eigenfunction, (q), the probability for the co-
ordinate q to have a value in the interval q and q+dq is given 
by |(q)|2dq. Now, rephrasing Pauli's thought, and using a 
notation closer to what Jordan will use later in his trans-
formation theory, given two (Hermitian) quantities p and 
E, one can consider as well the function (p,E) such that 
|(p,E)|2dp be the (relative) probability for p to have a value 
in the interval between p and p+dp, given that the value of E 
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is determined. Pauli's thinking was crucial because it drew 
attention to a possibility of a systematic way of obtaining 
physical information out of quantum computations (one will 
find precisely this motivation in Dirac's paper on transforma-
tion theory). Eventually, this ended up the bias towards the 
basis of energy (Hamiltonian) eigenstates making physicists 
recognize the generality of the eigenvalue problem associ-
ated to any physical question. Born's interpretation associ-
ated to the n-th Schrödinger wave function, i.e. to the wave 
function representing a state of energy E = En, the density of 
probability of position q defined by the square norm |n(q)|2. 
But one can similarly consider a basis of eigenstates for 
(any) quantity β so, instead of definite energy wave func-
tions, one considers definite β wave functions, say, for β = y, 
the functions (q,y). The second argument of (q,y) namely 
y, is running over the spectrum of β (it labels β eigenfunc-
tions). This extension of Born's interpretation had two im-
portant consequences on the formal understanding of the 
situation. First, it emphasized the role of the wave functions 
which were, prior to this interpretation, considered rather 
mere handles to formulate the eigenvalue problem. Then 
it prompted the awareness of the need to concentrate on 
the relations between the various amplitudes related to dif-
ferent physical questions. This opened the way to the cor-
rect appreciation of the linear structure underlying quantum 
mechanics, and of the role played by orthogonal systems 
of eigenfunctions associated to different hermitian opera-
tors. This is basically the content of transformation theory 
which unified matrix and wave mechanics; nowadays it is 
the standard way of exposing the formalism of quantum me-
chanics.
After the achievements of John von Neumann who put 
transformation theory on firm mathematical ground, quan-
tum theory reached by 1927 its final mathematical form and 
scope. After the pioneering times started the period of its 
intense application to broad domains of quantum chemis-
try (the understanding of the chemical bonds), solid state 
physics (magnetism, conduction theory, etc.), and most 
spectacularly, to rapidly developing nuclear physics and 
particle physics (quantum field theory). Quantum mechan-
ics extended prodigiously the range of its applications and 
has since then never failed. In what concerns its basic for-
malism, it witnessed essentially no further advances, with 
the exception of Dirac's equation, and the understanding 
and extension of the role of symmetries. Simultaneously, 
the 1927 Niels Bohr's influential complementarity manifesto 
was to start the fierce intepretation debate, and John von 
Neumann's further explorations of the axiomatic founda-
tions [Birkhoff and von Neumann 1936, Jordan, von Neumann 
and Wigner 1934, von Neumann 1936] were paving the way 
for the ambitious programs of its operator algebras and 
quantum logic axiomatizations.

Conclusion

As I tried to make clear on a few examples, Born's role in 
the development of quantum mechanics is of prominent 
importance. Even when he occasionaly missed the bigger 
picture (his missed opportunity, together with Wiener, to dis-
cover wave mechanics prior to Schrödinger) or when he did 
not fully draw the conclusions suggested by his proposals 
(statistical interpretation), he was always in the very lead-
ing pack of physicists driving progress in quantum theory. 

Besides his exceptional mathematical culture and abilities, 
Born should also be remembered as a very efficient teacher 
and collaborator who guided the initial steps or collaborated 
with many prominent physicists, making Göttingen one of 
the capitals of quantum theory. Born's students and associ-
ates include, besides the most prominent cases of Pauli, 
Heisenberg and Jordan, other illustrous names such as 
Enrico Fermi, Vladimir Fock, Walter Heitler, Friedrich Hund, 
John Oppenheimer, Leon Rosenfeld, Victor Weisskopf and 
Eugene Wigner. Max Born, in Göttingen, nears here the 
very remarkable performance of Arnold Sommerfeld, prob-
ably the most successfull, Munich based, teacher of theo-
retical physics at the time. Indeed, if one considers the train-
ing of a typical young scholar who contributed significantly 
to quantum theory in the twenties, his first university steps 
were taken in Munich with Sommerfeld, then continued in 
Göttingen under Born's guidance, and finally topped with a 
sejour in Copenhagen to learn from Bohr. This is indeed the 
training of Pauli and Heisenberg, to quote just the case of 
two among Born's most famous students. Last but not least, 
Born, given his pivotal role, had rich epistolary exchanges 
with other prominent physicists. His correspondence with 
Einstein [Born and Einstein 1971] remains one of the most 
inspiring exchanges between two remarkable scientists fac-
ing their time.
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